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Abstract. A generalization of Problem 73 of Mazur and Orlicz in the 
Scottish Book was introduced from L. Harris. The exact value of the con- 
stant that appears there is known when complex normed linear spaces 
are considered. In this paper, we give estimates in the case of an arbi- 
trary real normed linear space and a real i v space. Moreover, if F(x) is 
a power series, p its radius of uniform convergence and p A its radius of 
analyticity, we prove that p A > p/v2 and give some respective results 
for the nth Frechet derivative of F(x). 



1. INTRODUCTION 

If X is a Banach space over K, K = R or C, we let £. s ( m X) denote the 
Banach space of all continuous symmetric m-linear forms L : X m — > K with 
the norm 

\\L\\ = sup{|L(xi, . . . ,x m )\ : \\xi\\ < 1, . . . , ||x m || < 1} . 

A function P : X — > IK is a continuous m-homogeneous polynomial if 
there is a continuous symmetric m-linear form L : X m — > IfC for which 
P{x) = L(x, . . . , x) for all x £ X. In this case it is convenient to write P = L. 
Let V( m X) denote the Banach space of all continuous m-homogeneous poly- 
nomials P : X — > K. with the norm 

||P|| = sup{|P(x)| : ||x|| < 1} . 

We write L{x\ 1 . . . x^™) as shorthand for L{x\, x n , . . . , x n ) where 
each Xi appears ki times for 1 < i < n, k\ + . . . + k n = m. 
We also need to define the norm 

||L|| (n ) = sup sup{|L(x^ . . . x k n n )\ : \\xi\\ < 1, . . . , ||x n || < 1}, 

k\+...k n =m 

which for n = 2 gives 

1(2) 



L|| (2 ) = sup sup{|L(xi'x™" fc )| : ||xi|| < 1, ||x 2 || < 1} . 



Kk<m 



Clearly, ||L|| < ||L|| (n) < ||L|| (n+1) < \\L\\. 

It is known that if L S C s ( m X) and L the associated polynomial, then 



, ,, tn . . — . 

L < — r L 

ml 



This is the answer of Problem 73 of Mazur and Orlicz in [TT] . 
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A natural generalization of Problem 73 is the following: 
Let X be a normed linear space, k\, . . . ,k n be nonnegative integers whose 
sum is m and let c(k\, . . . , k n , X) be the smallest number with the property 
that if L is any symmetric m-linear mapping of one real normed linear space 
into another, then 

\L(x kl ...x k n -)\<c(k 1 ,...,k n ,X)\\L\\. 

It is shown in [3] Theorem 1, that if only complex normed linear spaces and 
comlex scalars are considered, then 

, v ,_ h\...k n \ m™ 
c(k 1 ,...,k n ,X) - — . 

In the next two sections we shall find bounds for the constant c{k\, . . . , k n ,X) 
in the case of real normed linear spaces and specifically in the case of real 
t p spaces. 

2. Polynomials on a real normed linear space 
From [5] Corollary 7 (see also [8], [10]), we have 



(1) |L(^...x^)|<^^-^-||L|| 

for all non- negative integers k\, . . . , k n with k\ + . . . + k n = m. 
For n = 2 we get 



\L(x$x™- k )\ < J— rrz-^WLl 



k k (m — k) m k 



and we can easily see that the square root takes its maximum value which 
is (y/2) m when k = f . 

To see this, simply consider the function f(k) = k k (m — k) m ~ k . 
Then, 

f(k) = (1 + In k)k k (m - k) m ~ k - k k [l + ln(m - k)](m - k) m ~ k 

= k k (m-k) m - k ln—^- 
m — k 

and 

f'(k) = 0^ln^-=0^^- = l^k=^, 
m—k m—k 2 

since k ^ and k ^ m. 

Moreover, f'(k) < for < k < ^ (i.e. / if strictly decreasing for < 
k < y) an d f'(k) > for y < k < m (i.e. / if strictly increasing for 
^<k<m). 

Therefore, the minimum value of / is /(?r) = (it)" 1 - Thus, 

1 



\L\ 
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If m is odd, the previous inequality is strict (since k G N). 
Similarly, we get the following general result: 



\L\ 



(n) 



\L\ 



Prom [7J Lemma 3, we have 



\L{x?...xfr)\<e?C n 



m + n — 1 
n — 1 



\L\ 



The value of the constant C m needs to be determined in order to compare 
this result with ([1]). To do this, we need to find a bound for E(|A| fc ) which 
is used in the proof of [7J Lemma 3. Stirling's formula and some elementary 
calculations will do the job. 
For k 7^ 2 even: 



E(\Af) < k(2p)*T - )=k(2p)* ~-l 



k 



k(2p) 



fc/A;-2\2 2e 

2 



2e 



fce^2 fk-2\2 



k 

pk\^ 



^fk~^2\ k 
< ey / 2(k - 2) 
For 7^ 1 odd: 

E(|A| fc ) < fc(2p)3r(| ) l /.'(2/))-i: 



= fc(2p) 

^2~_ £;e\/2 
~2~~ ~ v^2 

= eV2y/k - 2 



| - 1\ a 



--1 



p(A; 



e 

k - 2\ /pjfe 



fc 

- - 1 

2 



fc(2p) 



fe-i 



fc- 1 



fc + 1 



fc(2p) 



fc(2p) T 



k ( k —\ 



kfk — l\ 2 

2 



2e 



2e 



fc-1 



p(fc - 1) 



k\[e 



k-l\ 2 



(fc-l)v^ 



fc-l\ 2 VpfcN 



e / 



<(fc-i)V£ 



Moreover, E(|A|) < ^/2p and E(|^| 2 ) < 4p. 

In order to make the next calculations easier, we have to unite all the above 

, fc 

cases. Thus, we take E(|A| ) < ke(^r) 2 . The term ke could be slightly 
better, but it would not make any essential difference. 

At the end of the proof of [7J Lemma 3, we need to calculate the sup fci (Cfc a . . . Ck n ) 



-1 
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where k± + . . . + k n = m. We have: 



sup(C fcl . . . C fc J = sup(/cie . . . k n e) = e n sup(A;i . . . k n ) < e n — = — 

ki ki ki V " J \ n 

Finally, we get 



m 



em 



(2) 



L(x**...s**)|<e? 



fen ^ 



m / em 



71 



m + n — 1 
n — 1 



|L| 



Inequality ([2]) is worse than inequality (P) . But asymptotically it gives better 
estimate, so it can be useful in some cases. 

Combining inequalities JT]) and ([2]) we obtain the following 

Lemma 2.1. Let L : X m — > Y be an m-linear map. Then 



\L\ 



(n) 



< 



V2, if n = 2 
Cy/e, if n > 3 



where C = C(m, n) is independent of L, X, 1" and tends to 1 as m — > oo 
for fixed n. 

The nth Rademacher function is defined on [0, 1] by r n = sign sin 2 n 7rt. 

Lemma 2.2. (Polarization Formula) Let X be a vector space and L € 
C s ( m X). lfx u ...,x m eX, then 



(3) 



L(x 



]_,..., x m j 



m ! 



— r / ri (t)...r m (t)L 



y)ri(t)xj 



dt. 



The proof of Lemma 12.21 is easy, so it is omitted (see [9] Lemma 2). 

Proposition 2.3. Let X, Y be real normed linear spaces and L : X m — > Y 
be a continuous symmetric m-linear mapping with associated homogeneous 
polynomial L. If x\, . . . , x n are norm-one vectors in X, then 



I T ( T* ~^ ry* 
| J-/ ^Jy ^ . . . Jb y 

\\i\\ 



< min 



m' 



L.fcl 7.fc 
rui . . . n,, 



Fit-y . . . n>ri 



n n m 



ml 



for all non- negative integers ki, . . . , k n with k\ + . . . + k n = m. 
Proof. Using Lemma 12.21 we have 
If 1 

L{xf ...x k n n ) = — / r 1 (t)...r m {t)L{(r 1 {t) + ...+r kl {t))x 1 + ...]dt 
ml J 



ki 



— - / n{t)...r m {t)L 
ml 



7ki 1 7k L ^ ■ ■ ■ x n") = —j I n(t)... r m (t)L 
k^ ... K n m - Jo 



(n(t)+...+r fcl (t))|i+. 
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Therefore, 
(4) 



\L(xfK..x^)\< 1 5 \\L 



ml 



o 



(n(t) + ... + r fcl (t))^ + ... 



7(1 



<^---^||L|| fP + - + ^ + ...l ,„ 
m! ./q V kt 



JUKI J.K 
... 

ml 

Inequalities (JT]) and dH complete the proof. □ 

Asymptotically, inequality (jl]) gives much worse estimate than inequalities 
([1]) and ([2]). It is useful though for large n's and when n depends on m, while 
inequality ([I]) is useful only for fixed n's. We now conclude that: 

Theorem 2.4. Let X, Y be real normed linear spaces and L : X m — > Y 
be a continuous symmetric m-linear mapping with associated homogeneous 
polynomial L. If xi, . . ■ , x n are norm-one vectors in X, then 



<c(fei,...,A: n ,X) <min<^./-^ , ^ -^n m 



/c^ 1 . . . m! ' " " " ' ~ \\j k kl ...kt ' m! 

for all non- negative integers k±, . . . ,k n with k\ + . . . + k n = m. 

Proof. The right hand side inequality is an immediate consequence of Propo- 
sition 12.31 

For the left hand side, let x i = (<)^ =1 G X, i = 1, . . . , m and I € £ s ( m X) 
be defined by 



L(x 1 ,...,x m ) = ^ T £ ^ 

m * — ' 



„(1) • • - X a(m)' 

ff£Sn 



where 5" m is the set of permutations of the first m natural numbers. Then 

L((x 1 ) fcl . . . {X n ) kn ) = — - X l{\) ■ ■ ■ X a(fc!) • • • X a{kx+...k n -x+l) ■ ■ ■ X a(k 1 +... 



cr£Sm 

Take to be the ith coordinate vector of X and define 

h 

k 2 



yfi _ J_^ g fci+...+fc n _i + l _|_ _|_ e ki+...+kn\ 

k n 

Then an easy calculation shows that y , . . . , y n are unit vectors in X and 



l j ((y 1 ) kl ■ ■ ■ {y n ) kn ) 



! 

n ■ 



1 ki\...k 
ml k kl ... k kn 
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On the other hand, IILII < — W, since 



\L(x)\ = \xi ...x m \= [(\xi\ . . . \x m \)™] m < ^ Xl ^ + m + 



by the arithmetic-geometric mean inequality. Thus 



iLUy 1 )^ . . . (y n ) k -) I > k } l --- k l ^\\L\\. 

' " fc* 1 . . . kt ml 

□ 



Remark 2.5. For k\ = . . . = k n = 1, the upper and lower bound of 
c(ki, . . . , k n ,X) in Theorem 12.41 give the same estimate which is 

3. POLYNOMIALS ON A REAL i p SPACE 

In |9j Theorem 2, Y. Sarantopoulos proved that in the case of L p (fi), for 

Kp<m', — + ^r = l holds that 
— 1 — 'mm 

121 

L < — rll L ll- 
ml 

This is an improved estimate of the one in [3] by L. A. Harris. Here 
we shall give some estimates of the constant c(ki, . . . , k n , £ p ) for which 
\L(x k ^ ...x k n -)\ <c(h,...,k n ,e p )\\L\\. 

If / is a measurable function on [X, A, fJ>), we define its distribution func- 
tion A/ : (0, +00) — > [0, +00] by 

\ f {a)= f i({x : \f{x)\ > a}). 

From [3], we have the following 

Proposition 3.1. If \f(a) < 00 for every a > and is a nonnegative 
Borel function on (0, 00), then 



x 



4>o \f\dfi = - 4>(a)d\ f {a). 
Jo 

The case of this result we are interested in, is = a p , which gives 

/poo 
\ffdfM = -J a PdX f (a). 

Integrating the right side by parts, we obtain 

/f'OO 
\f\Pdfi = p J a p - l X } {a)da. 

The validity of this calculation becomes clear if we consider that a p \f(a) — > 
as a — > and a — > 00 (since A/ is strictly decreasing). In the following 
Proposition the function / will be of the form f{t) = n (t) + . . . + rk(t), 
k £ N. Therefore, using Hoeffding's inequality (see [6] Theorem 2), we get 
that 

A/(x) := A fc (x) = P(\n(t) + ... + r k {t)\ > x) < 2e~&. 
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Proposition 3.2. Let 1 < p < oo and L : (l p ) m — > K be a continuous 
symmetric m-linear mapping with associated homogeneous polynomial L. 
If xi, . . . , x n are norm-one vectors in £ p with disjoint supports, then 



\L(x*...xfr) 
\\L\\ 



< < 



mm 



mm 



/Cl a a a 



-n p 



P / \ P 



, if p > m 



-r- n», 



, if p < m 



for all non-negative integers fei, . . . , k n with k\ + . . . + k n = m. 

Proof. Working as in the proof of Proposition 12.31 we get 
(5) ' 



|L(sft... a fr)l< * 1 m j fc " [|£| 



o 



( ri ( i ) + ... + rfei (i))|i + ... 



< fci 1 ---^" 112,1 f 1 \f\n(t) + ... + r kl (t)\ XP 



ml 



o 



Am 



+ 



dt 



< — r- 2 -"- v \\L\ 



ml 



We shall now use a different technique and we need to distinguish two 
cases. 

For p > m: 



| L ^ ... "Cy 



< 



< 



< 



< 



L\ 



ml J 
|£|' * 



(n(t) + . . . + r kl (t))x! 



l dt 



o 

£11 ' r °° 



\r 1 (t) + ...+r kl (t)\P + ...)Tdt 



ml 



p x 



p 1 X kl (x)dx + ... +p / x p 1 \ kn {x)d. 



T II f f°° 3? f°° 

■P-^2e~^dx + ...+" ' - p_1 



ml 
\L\ 



p J ar 



ft I x p L 2e 2k ^dx 



ml 



P (2* 1 )ir(|)+...+p(2* B )ir(|)) 



ml 

p2ir(f)m2 



i=i 



w 



I£| 
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For p < m: 



\L\ 



\L(x^...xt)\ < ll J i \\(ri (*) + ... + r kl (t))xi + ...\\™dt 



o 



\L\ 



< / (\n(t) + ... + r kl (tW + ...)Tdt 

ml J 

n p \\l\\ r ( \n{t) + . . . + r kl {t)\ p + . . . \ 



dt 

o V n 

< r jjLjj r 1 \n{t) + ... + r kl {t)\ m + ... ^ 

ml J n 

m — p 

< n ^J— ^ ( m I x m ~ 1 X kl (x)dx + . . . + mj x m_1 \ kn {x)dx S j 

f°° x 2 N 

< i!— !L( m / x m_1 2e 2k idx + ... + m x m ~ l 2e ^dx 



ml 




m—p 




n p 


\L\\ 


ml 




m—p 




n p 


\L\\ 



7?) 



JO 

(2k 1 )-T(-) + ... + m(2k n )-T(- 



n 



ml V 2 2 

m , N n m ~P m . 

p m22r(T) E^ii£ii< — m2 ; r(T; (E fc Q'w 



m! ' — ' " " m! 

j=l x i=l 

n p m.2 2 r(yjm 2 ^ 



m! 



□ 



Note that the second technique used in the proof of Proposition 13,21 gives 
better estimates than ([5]) for large m's and small n's and its special case 
where p > m holds asymptotically only for i^. Moreover, observe that 
Proposition 13.21 gives better estimates than Proposition 12.31 

p m 

Remark 3.3. The term ^22=1 ( res P- Y^i=i ) m the P r0 °f °f Proposi- 
tion l3.2l can be bounded by (m — n+ 1) a +n— 1 (resp. (m — n+ 1)"2" +n— l) 
instead of 7712 (resp. m' 2 ) since it takes its maximum value when all but 
one ki's equal to 1 and the last one equals to m — n + 1. 

We now conclude that: 

Theorem 3.4. Let 1 < p < 00 and L : (i p ) m — > R be a continuous sym- 
metric m-linear mapping with associated homogeneous polynomial L. If 
xi, . . . ,x n are norm-one vectors in £ p with disjoint supports, then: 
if p > m 

W - W m? <c( tl ....,*..t)<nua/^* n ? P2fr « )m! 



U P U P K 

r»\ ... fi, n 
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and if p < m 



< c(ki, . . . , k n ,£ p ) < min < — -^nv 



_i fen m \ * ■ i ml m. 

u v h. p \ 

n>\ ... h, n 

for all non- negative integers fei, . . . , k n with k\ + . . . + k n = m. 

Proof. The right hand side inequality is an immediate consequence of Propo- 
sition 13.21 

For the left hand side, we just need some simple adjustments to the proof 
of Proposition 12.31 □ 

Remark 3.5. For ki = . . . = k n = 1, the upper and lower bound of 
c(ki, . . . , k n ,£ p ) in Theorem 13.41 give the same estimate which is 



m P 



4. Radius of analyticity of a power series on a real Banach 

SPACE 



A power series centered at a G X is a formal sum 

oo 

(6) ^P m (x-a) 

m=0 

where for each 771, Pm '• X — ^ 5^ is a continuous 771-homogeneous polynomial. 
The radius of uniform convergence of this power series is defined to be 

p := {r : ([BJ converges uniformly on \x — a\ < r}, 

which is given by the following standard formula: 

1 



limsup m \\P n 



If p > 0, then for every < r < p, is a uniformly and absolutely 
convergent series for every x G B r (a). hence in this case, ([U]) defines a 
function on B p (a) taking values in Y. 

The Taylor series of an infinitely differentiable function F defined in a 
neighborhood of a is the power series defined by 



00 1 

Ta F{x)=Y J —D m F{a){{x-ar), 



m 

m=0 



where D m F(a) : X m — > Y is the symmetric m-linear map given by taking 
the Frechet derivative of F m times. 

F is called analytic at a if T a F(x) has a positive radius of uniform conver- 
gence and equals F(x) within the domain of uniform convergence. If U C X 
is open, we say that F is analytic in U if it is analytic at every a G U. If 
furthermore, T a F{x) converges uniformly in every closed ball centered at a 
contained in U, for each a G U, F is called fully analytic in U. 
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Let F{x) be a power series centered at a with radius of uniform conver- 
gence p > 0. The radius of analyticity p A = p A (F) of F[x) at a is the largest 
r > such that F(x) is fully analytic in B r (a). 

The norm we need to control when we expand a power series at a new 
point is ||L||( 2 ). To see this, consider the power series ([6]) centered at a = 0, 
which we may rewrite as 

oo 

(7) F(x) = £ L m {x m ). 
Observe that by the binomial formula, given any y £ X 

L m (x m ) = L m ((y + x- yD = f; (f) L m (y m ~ k , (x - y) k ). 
Then, if in 

oo oo m , \ 

(8) Yl L ^ xm ) = E E (I) L ™(y m ~ k > (* - y) k ) 

m=0 m=0fc=0 ^ ' 

the double series on the right converges absolutely, we can interchange sum- 
mations and obtain 

OO OO OO / \ 

Fix) = L m (x m ) =EEU L m (y m - k , (x - y) k ) 

m=0 k=0m=k ^ ' 

Thus, if we can perform this change of summation for all x E B r (y), for 
some r > 0, then we will have expressed F(x) as a power series centered at 
y whose ^-homogeneous polynomial coefficients are given by 



A k {z) := (l) L m(V 



m=fc 

Observe that the absolute convergence of the double sum jHJ) for x € B r (y) 
implies the absolute convergence of the ^4^ in B r (0) and hence on all X by 
homogeneity. 

Absolute convergence of © holds if 

oo m / \ oo 

E E (T) IWIcolvr - *!* - y\ k = E ll L ™ll(2)(lyl + \ x - y\) m < °°- 

m=0fc=0 ^ ' m=0 

This holds when 

i 

(10) |y| + |x-y|< 



limsup \\L Tl 



J m\\(2) 

Choose a subsequence m; such that 

— - 

lim H-LmJ/o? = limsup ||X m || ™ v 
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Let p = ^ — — > be the radius of uniform convergence of ([7]) and 

lim sup ||im||(™j 

suppose p < oo. Then (flOl) is satisfied if 

limsup^^ ||L m J| m ' 



\y\ + \x - y\ < p 
(11) 



i 

linij—^oo ||^mil|^2) 



p ■ lim sup 

= P 



i— >oo \ || L mi || (2) 



i 



Thus, for \y\ < p and \x — y| < p — \y\, the series (|8|) converges absolutely. 
Altogether then, we have shown that for any fixed \y\ < p, we have 

oo 

(12) F{x) = Y,Mx-y) 

k=0 

for \x — y\ < p — \y\. 

From [1\ Corollary 1, p. 165, we have the following 

Lemma 4.1. For any power series F(x) = X^fcLo ^k( x ~ y) centered at y with 
positive radius of uniform convergence, = ^D k F{y) as fc-homogeneous 
polynomials. 

Theorem 4.2. Let F{x) be a power series in a Banach space X, which we 
may take to be centered at the origin. Let p > denote its radius of uniform 
convergence and p A its radius of analyticity. Then 

« Pa > ^ 

(ii) for every n, the nth Frechet derivative D n F : X — > C n {X,Y) of 
F(x), viewed as a map from X to the Banach space C n (X,Y) of 
continuous ra-linear maps from X to Y, has a Taylor series centered 
at the origin with radius of uniform convergence at least for n = 2 

and -7= for n > 3, 

v e 

(iii) the radius of analyticity of the power series D n F(x) is at least 

Proof. (i) Suppose p < oo. Lemma ED implies 

^ i 

r || \m 1 



(13) lim sup I — — - — J > _ 

m-*ac \ 1 1 An 1 1 (2) / v2, 

hence p > -A= by (fTTj) . Thus the preceding analysis shows that 
for \y\ < p, the Taylor series (fT2j) is absolutely convergent in {x : 
\x — y\ < ~ \y\}- From this, we get uniform convergence of (fT2j) 
in {x : \x — y\ < r} for every r < — \y\, since one can bound the 



12 
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tail of (|12p as follows: 



(14) 



OO OO OO / \ 

^A k (x-y) <EE U 

k=N k=Nm=k ^ ' 

oo 



(*-y) k )\ 



< E \\L m \\ {2) (\y\ + \x-y\r 

m=N 

where (114p tends to zero uniformly in x as N — > so long as \y | + \x — 
y\ < \y\ + r is bounded away from p > This follows because we 
have shown that (|14p viewed as power series in a single real variable 
has radius of uniform convergence at least p. Finally, Lemma 14.11 
implies that the power series (|12h is a Taylor series of F{x) centered 
at y. So for p < oo, this proves (i) since we have shown p A > 

For the remaining case p = oo, 

implies also that limsup,^^ ||L m ||^ 
the previous analysis for every p > 0, hence 



i.e. limsup^,, 
0. From 



\L, 



o, (lH 



10 



we can apply 
oo. 

(x m ) with radius 

of uniform convergence p > 0, for every n, D n F(x) has a Taylor 
series centered at the origin given by 



(ii) By Chae, given any power series F(x) = Y2m=o 



(15) 



oo , x 

T D"F(x) = n!^( m + n ) 
m=0 ^ ' 



L, 



m+n \ 



In (|15p . the linear maps L rn j rn are only evaluated on at most tt. - {— 1 
distinct arguments (D n F{x) takes values in n- linear maps). So by 
Lemma 12.11 f° r n > 3, the lower bound for the radius of uniform 
convergence of (I15p is ^= since 



lim sup 



m + n 
n 



L 



m+n 



(n+1) 



< I lim sup C(m, n + \)\fe 

V m— >oo 



< 



x I limsup ||L 

\ m— >oo 
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Similarly, the lower bound for the radius of uniform convergence of 



T DF(x) 



Em=o( m + 1 )Wi(^ 



is -fj= since limsup^^ 

Mm \/2 

-111(2) S p ■ 

By Lemma [4. II and the formula ([9]) for the A k 
3, T D n F(y) = D n F(y) for all y such that \y 



[m + 



DF(y) for all y such that |y| < 



it follows that for n > 
< ^ and T DF(y) = 



V2- 



(iii) We need to show that the radius of analyticity of (|15p is at least 

•m+n || (n+2)> but this is precisely 



For this, 



we need to control L. 
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the || • ||(2)-norm of L m+n viewed as a map from X to C n (X,Y). 
Applying Lemma 12. li the proof is completed. 

□ 
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